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We study how multiple charge excitations appear in the resonant inelastic x-ray scattering (RIXS)
spectra of metals. The single excitations in the problem are the plasmons and electron-hole pairs, and
multi-excitation processes are usually neglected. However, at small momentum transfer the multi-
excitation contributions may dominate the signal and one needs to understand how to interpret the
data. In particular, we demonstrate how to ”decode” the total multi-excitation intensity and extract
the plasmon dispersion. While our calculations are based on the random phase approximation, which
does not allow to obtain quantitatively precise results in the entire region of parameters, we expect
them to capture semi-qualitatively all features expected for charged Fermi-liquid states, including
universal and singular properties of the RIXS spectra.
I. INTRODUCTION
Resonant inelastic X-ray scattering (RIXS) is a very
promising technique for studying collective excitations in
condensed matter systems1–6. However, extracting the
necessary information from the RIXS data is a highly
non-trivial task. The deep core-hole, created by an in-
cident photon, disturbs the system which leads to a va-
riety of multiparticle processes contributing to the mea-
sured RIXS signal. To extract the relevant information
about excitations of interest, one needs to properly un-
derstand all the processes involved and be able to distin-
guish single- and multi-excitation processes.
The main goal of the RIXS measurements is to dis-
till properties of single excitations (plasmons, phonons,
magnons, etc.) and the majority of theoretical ef-
forts concentrate on computing the corresponding single-
excitation contributions to the RIXS intensity, neglecting
the multi-excitation processes. However, these processes
(typically characterized by rather broad frequency sig-
nals) also contain information about single excitations in
some convoluted form and understanding their properties
can be especially important when they dominate in the
RIXS intensity. This turns out to be the case at small mo-
mentum transfer in Coulomb systems, see, for instance,
Ref. 7). Moreover, studies of multiple excitations may
prove to be a convenient practical way of extracting the
underlying physics from the broad frequency signal pro-
vided their universal features and the corresponding sin-
gularities are well understood.
Even for single-excitation contributions to the RIXS
signal, an accurate theoretical prediction requires knowl-
edge of the dynamic dielectric response function, (q, ω),
which is a difficult computational materials science prob-
lem; the problem becomes even more challenging when
dealing with multi-excitation processes. On the other
hand, significant qualitative and even semi-quantitative
gains in description can be obtained by approximating
the dielectric response with the analytic form based on
the Lindhard function (equivalent to the random phase
approximation (RPA)) which captures all the properties
characteristic of the charged Fermi-liquid state.
To illustrate the point, we present on Fig. 1 our re-
sults for the RIXS spectra due to all two-excitation pro-
cesses (two plasmons, two electron-hole (e−h) pairs, and
the hybrid process involving one plasmon and one e− h
pair). In Section V we will explain how one can extract
the single-plasmon dispersion from the characteristic fea-
tures of these curves. In Fig. 2 we compare the results
of such analysis with the plasmon dispersion relations
(at rs = 1 and rs = 5), based on the solution of equa-
tion (q, ωpl(q)) = 0. Note that the spectra for weak and
strong coupling cases look remarkably similar despite sig-
nificant changes in the absolute values of all quantities.
There are several approaches for calculating the RIXS
spectra8–11, and in this work we follow the diagrammatic
framework developed in Ref. 7 (for earlier diagrammatic
works on RIXS see, for instance, Refs. 12–14; for Raman
scattering see Ref. 15). Below we focus on the non-linear
indirect RIXS spectra with arbitrary momentum trans-
fer and the Coulomb parameter rs up to rs = 5 (with
understanding that the RPA treatment is quantitatively
accurate only for rs . 1). All calculations are performed
for T = 0 in the limit of short hole’s life time (SHLT)7.
Here and below we use units such that the Planck’s con-
stant, ~, the Fermi momentum, kF , and the Fermi energy,
F , are set to unity.
Previous work7 discussed two-excitation spectra by
employing a simplified description of the dielectric re-
sponse function valid in the q/kF  1 limit. The two
most important qualitative features not captured by this
treatment were the singular behavior at momenta and
frequencies corresponding to the end point of the plasmon
dispersion relation, and the non-analyticity at q = 2kF .
Furthermore for the process involving two e − h pairs
even at small momentum and energy transfer one can-
not ignore pairs with large momenta ∼ kF . To elimi-
nate these deficiencies and achieve a comprehensive semi-
quantitative description in a broad parameter range, in-
cluding large energy and momentum transfer, one has to
work with the entire Lindhard function.
In what follows we study the universal and singu-
lar properties of the two-excitation RIXS processes in a
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FIG. 1. (color online) Total two-excitation RIXS intensity as
a function of energy transfer Ω. It includes two-plasmon, two-
(e− h), and the hybrid (see text) processes shown for several
momentum transfers Q. Upper panel: rs = 1. Lower panel:
rs = 5.
Coulomb plasma, where long-range interactions and dy-
namic screening effects are very important. We do not
make any further approximations on the charge response
function after assuming the RPA form for the polariza-
tion. We explain how the single-plasmon dispersion can
be extracted from the total two-excitation intensity by
relating various spectral features to important threshold
processes, and establish the framework for interpreting
complex spectra in terms of partial contributions. We
conclude with demonstration how the total spectra, in-
cluding first- and second-order processes, may appear in
the experiment.
II. FORMALISM
Within the diagrammatic formalism of Ref. 7 the lead-
ing order diagrams for the RIXS cross section χR in the
SSH limit are shown in Fig. 3. The first order (in the dy-
namically screened interaction U , see Fig. 3(b)) diagram
shown in Fig. 3(a) describes the single-excitation contri-
pl
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FIG. 2. (color online) A comparison of the plasmon disper-
sions ωpl(q) for rs = 1 (red solid line) and rs = 5 (blue solid
line) derived from the zeros of the dielectric function with the
ones deduced from the two-excitation RIXS spectra shown in
Fig. 1. The different symbols correspond to positions of dif-
ferent spectral features. Ωpl = ωpl(0) is the plasma frequency
and Ωm = ωpl(Qm) is the maximal plasma frequency. For
details see Section V.
bution from plasmons and e− h pairs. The second order
diagrams, Figs. 3 (c) and (d), are responsible for con-
tributions from the two-excitation processes involving ei-
ther two plasmons, or two e−h pairs, or one plasmon and
one e−h pair (we call the latter a hybrid process). Con-
tributions from higher order multi-excitation processes
are small in the hole’s life time Γ−1.
l’
{i,qi}
{i,qi}
{f,qf}
{f,qf}
U
(a)
l’
l +
VQ VQ UU =
(c)
l
(b)
(d)
>
<
VQ
<
{i,qi}
{i,qi}
{f,qf}
{f,qf}
l
l
l’
{i,qi}
{i,qi}
{f,qf}
{f,qf}
l’
l
l
l’ l’
>
s-p
s-p
s-p
s-p
s-p
s-p
FIG. 3. (color online) The leading order diagrams for the
RIXS cross section in the SHLT limit (e.g., for the K-edge
case) with l and l′ indexes standing for either s-hole, or p-
electron, and {ωi,qi} and {ωf ,qf} specifying the incoming
and outgoing photon energies and momenta. The dynamically
screened Coulomb potential U , shown by the blue dotted line,
can connect any upper s − p bubble line (s or p) with any
lower s− p bubble line; here, for brevity, we present only one
particular way of connecting the bubbles.
3The first-order contribution to the RIXS intensity for
momentum, Q, and energy/frequency, Ω, transfer is given
by
χ
(1)
R =
Υ21
Γ2
D(1)(Ω, Q) (1)
with
D(1) = f1(Q) ImU(Ω, Q), (2)
where the dynamically screened Coulomb potential U is
given by (see Fig. 3(b))
U(Ω, Q) =
VQ
1− VQP(Ω, Q) − VQ; VQ =
4pie2
Q2
(3)
and the form-factor, f1(Q) vanishes in the small momen-
tum transfer limit7. For crystals with inversion symme-
try it can be modeled by
f1(Q) =
[
Q2
Q2 +Q2d
]2
. (4)
with some characteristic momentum cutoff Qd ∼ kF . In
the SHLT limit the (s−p) bubbles contribute a frequency
independent factor and one can replace Υ1 in Eq. 1 with
a constant of the order of unity. In what follows, we
will use 1/kF and εF as units of length and energy and
not mention them explicitly in dimensionless ratios Q/kF
and Ω/εF .
In contrast to Ref. 7, in the present paper the po-
larization function is described by the full Lindhard
function16,17 in order to correctly capture all Fermi-
surface effects and the interplay between the plasmon
mode and the e− h continuum
ReP = 3n
4εF
[
− 1 + 4Q
2 −Q4−
8Q3
log
∣∣∣∣2Q+Q2−2Q−Q2−
∣∣∣∣
− 4Q
2 −Q4+
8Q3
log
∣∣∣∣2Q+Q2+2Q−Q2+
∣∣∣∣ ], (5)
ImP = 3pin
8εFQ
 −Ω if A;−[1− (Ω/Q−Q)2/4] if B;−[1− (Ω/Q−Q)2/4] if C; (6)
A : Q < 2, 0 ≤ Ω < −Q2 + 2Q;
B : Q < 2, −Q2 + 2Q ≤ Ω ≤ Q2 + 2Q;
C : Q ≥ 2, Q2 − 2Q ≤ Ω ≤ Q2 + 2Q,
where Q2± = Ω ± Q2 and n = k3F /3pi2. The defini-
tion of the Coulomb rs parameter is standard: e
2 =
(rskF /m)(4/9pi)
1/3.
For momenta Q < Qm, the ImU ≡ D˜ function can
be naturally divided into two contributions D˜ = D˜e−h +
D˜pl: the first one is associated with the electron-hole
continuum, and the other one with the gapped plasmon
resonance that exists as a separate sharp mode only up
to a finite momentum Qm when it merges into the e− h
continuum. In terms of the real and imaginary parts of
the polarization function, we have
D˜e−h =
ImP
[(V −1Q −ReP)2 + (ImP)2]
, (7)
D˜pl = pi Res[ωpl(Q)] δ(Ω− ωpl(Q)), ImP = 0 . (8)
The plasmon peak frequency and residue are derived from
properties of the dielectric function  = 1− VQP:
(Q,ωpl(Q)) = 0; Res[ω] =
1
|∂/∂Ω|ω , (9)
see Fig. 4.
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FIG. 4. (color online) Plasmon residue Res(ω) as a function
of frequency for rs = 1 and 5. At ω → Ωpl, Res(ω) behaves as
∝ 1/(ω − Ωpl); at ω → Ωm, Res(ω)−Res(Ωm) ∝
√
Ωm − ω.
The second-order contribution to the RIXS intensity
reads
χ
(2)
R =
Υ22
Γ4
D(2)(Ω, Q) , (10)
with frequency independent constant Υ2 ∼ 1 and
D(2) =
∫
dqdω
(2pi)4
f2(q,Q− q)D˜(ω,q)D˜(Ω− ω,Q− q) ,
(11)
where the model form-factor
f2(q1,q2) =
(q1 · q2)2
(q21 +Q
2
d)(q
2
2 +Q
2
d)
. (12)
is designed to respect the small momentum transfer de-
pendence coming from the (s − p) bubbles for the sum
of two second-order diagrams (see Figs. 3 (b) and (c)).
Below we set Υ1,2 = 1 and present all results without the
Γ factors.
III. SINGLE-EXCITATION PROCESSES
Here we briefly review the known properties of D˜.
There is no point in showing the plasmon contribution
4because it is completely characterized by the dispersion
relation and the pole residue, see Eq. (9) and Fig. (2)
and (4). The e − h pair contribution results in a broad
spectral curve with intensity diverging on the approach
to the end point of the plasmon spectrum, see Fig. 5.
The upper threshold of the e− h spectrum is located at
Ωe−h(Q) = vFQ+
Q2
2m
. (13)
The end point of the plasmon dispersion is then defined
by the condition Ωe−h(Qm) = Ωm leading to the follow-
ing relation for Ωm:
Ωm = ωpl(Qm) = vFQm +
Q2m
2m
. (14)
For rs = 1 and rs = 5 the largest plasmon momentum
equals to Qm = 0.560 kF and Qm = 1.027 kF , respec-
tively.
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FIG. 5. (color online) Single pair contribution to intensity,
D˜e−h, as a function of Ω for different values of momentum
transfer Q at rs = 1 (solid lines) and 5 (dotted lines). The
f1(Q) factor is removed.
At small momenta Q the shapes of the D˜e−h curves for
different values of rs are nearly indistinguishable. With
increasing Q the peak amplitude increases until Q = Qm,
where the e−h continuum “absorbs” the plasmon mode.
At Q > Qm the peak maximum decreases while the plas-
mon contribution no longer exists. For rs = 1 the Q = kF
case corresponds toQ > Qm when the intensity is already
rather small, featureless, and broad; for rs = 5 this mo-
mentum transfer is slightly below the plasmon end-point,
Q < Qm, and the intensity keeps increasing in a singular
fashion.
At the RPA level, there is a certain degree of univer-
sality in the scaled shapes of the curves for small and
large values of rs. It is clear from Fig. 5 that large val-
ues of rs do not introduce new spectral features; in gen-
eral, only the positions of peaks and their intensities are
changed. To verify this quantitatively, in Fig. 6 the e−h
contributions for rs = 1 and rs = 5 are presented for mo-
mentum transfers corresponding having the same Q/Qm
ratio close to unity. The curves are scaled to have the
same peak amplitude and are plotted as functions of the
Ω/Ωm. It is clear that the characteristic features of the
e− h contribution, shown in Fig. 5 and described above,
barely change as a function of rs.
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FIG. 6. (color online) Scaled single-pair contributions to
intensity, Y = D˜e−h/{D˜e−h}max, as functions of X =
Ω/Ωe−h(Q) for rs = 1 and rs = 5 (with the same Q/Qm ≈
0.964 ratio for both curves). The f1(Q) factor is removed.
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FIG. 7. (color online) Single-pair contributions to intensity
as functions of Ω at rs = 1 and 5 when Q/Qm << 1 for both
curves. The f1(Q) factor is not removed, in contrast to Figs.
5 and 6 - this allows to see the actual values of the e − h
intensity (without the Γ factor).
At small momentum (and energy) transfer the e − h
intensity curves become independent of rs, see Fig. 7. At
5Ω << vFQ they are linear in Ω and the amplitude is pro-
portional to Q3. The intensity of the plasmon peak un-
der the same conditions is proportional to r
3/2
s Q2. These
scaling laws imply that at small Q the single-excitation
RIXS spectrum can be weak and potentially subdomi-
nant to higher-order processes considered next.
IV. MULTI-EXCITATION PROCESSES
In the SHLT limit the higher-order processes are sup-
pressed because they involve additional powers of the
small parameter (Ωpl/Γ)
2 << 17. However, at small
momentum transfer the second-order processes can domi-
nate the spectrum even in the region where the first-order
intensity is non-zero because the form factor f2 has a dif-
ferent dependence on Q, see Eq. (12). As it has already
been noted in the Introduction, despite having a more
complex and convoluted shape, the two-excitation spec-
tra can be used to extract information about single exci-
tations provided the origin of their characteristic features
is well understood.
By substituting equations (7) and (8) into equation
(11) we obtain partial (two-plasmon, two-(e − h), and
hybrid) contributions to the total intensity. In what fol-
lows we first address each process separately and then
conclude with the discussion of the total two-excitation
intensity.
A. Two-plasmon process
In contrast to the sharp single-plasmon peak located
at ωpl(Q), the two-plasmon spectrum is broad - it starts
at 2ωpl(Q/2) and terminates at 2Ωm. Even for Q = 0
the two-plasmon spectrum is well outside of the single-
plasmon dispersion range, see Fig. 2; i.e., the single- and
two-plasmon spectra do not overlap. However, single-pair
and two-plasmon peaks can overlap at large momentum
transfer.
Apart from the thresholds, there are two singular
points in spectrum, corresponding to two sets of mo-
menta q1 and q2 of two plasmons: (qi = 0, qj = Q)
and (qi = Qm, qj = Qm − Q), where i 6= j = 1, 2. At
the first singular point the spectrum vanishes because
f2(q1,q2) = 0, see Eqs. (11)-(12). This minimum is lo-
cated at
Ωlm = Ωpl + ωpl(Q) . (15)
and is clearly seen on the two-plasmon curves in their
lower-frequency part, see both panels of Fig. 8, and is
preceded by a maximum for obvious reasons. When Q→
0, the minimum is approaching the low-energy threshold
and the spectral weight displays a sharp low-amplitude
oscillation. At Q > Qm/2 the minimum broadens and at
Q > Qm completely reshapes the spectrum.
At the second singular point there is no special reason
for the two-plasmon spectrum to vanish; instead, it is
seen as a kink located at
Ωrk = Ωm + ωpl(Qm −Q) . (16)
It is more pronounced on small-to-moderate-Q curves
(when the low-frequency maximum is smaller in inten-
sity than the central one) in their high-frequency part, see
both panels of Fig. 8. At Q→ 0 the kink is approaching
the high-frequency threshold at 2Ωm, while for Q > Qm
it disappears together with the central maximum.
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FIG. 8. (color online) Two-plasmon contributions to intensity
for several values of Q. Left panel: rs = 1, the arrow points at
the low-frequency minimum. Right panel: rs = 5, the arrow
points at the high-frequency kink.
Disregarding the overall amplitude of the signal, the
two-plasmon curves for rs = 1 and 5 look very similar
and in RPA the non-perturbative values of rs do not in-
troduce new features to the two-plasmon spectra. To
quantify this statement further, in Fig. 9 we compare
spectra for rs = 1 and rs = 5 using properly scaled vari-
ables: the momentum transfer was chosen to have the
same ratio for Q/Qm(rs), the intensity was normalized
to unity at the maximum, and the frequency was scaled
to be in the [0, 1] interval.
Q/kF
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0.495, rs=5
Y
X
Q/kF
0.54, rs=1
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FIG. 9. (color online) Scaled two-plasmon intensities Y =
D
(2)
pl /{D(2)pl }max as functions of X = [Ω − 2Ω(Q/2)]/2[Ωm −
Ω(Q/2)] ∈ [0, 1] for rs = 1 and rs = 5. The momentum
transfer for two cases was adjusted to have the same ratio
Q/Qm(rs).
It is also worth mentioning that for the two-plasmon
process, the intensity at the central maximum saturates
6to a constant when Q → 0 while the spectrum remains
broad, in contrast to the ∝ Q2 spectral weight scaling
associated with the single-plasmon process.
B. Hybrid processes
The thresholds for the hybrid spectrum are at Ωpl
and Ωm + Ωe−h(Qm + Q), as dictated by the energy-
momentum conservation laws and limited momentum
support for the plasmon dispersion. At Q→ 0 the upper
threshold is located at 2Ωm (see Eq. 14). In Fig. 10 we
show the hybrid spectra for rs = 1 and rs = 5. Since
the lower threshold is at the plasma frequency Ωpl, the
hybrid spectrum overlaps either with the single-plasmon,
or with the single-pair spectrum. At Q→ 0 the intensity
of the broad central maximum saturates to a constant, in
contrast to the ∝ Q3 scaling of the shrinking single-pair
spectrum and ∝ Q2 scaling of the single-plasmon weight.
However, since the hybrid intensity vanishes at Ω→ Ωpl,
it does not obscure the sharp single-plasmon peak in the
Q → 0 limit (contrary to the two-pair process discussed
next).
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FIG. 10. (color online) Hybrid contribution to intensity as a
function of Ω for several values of Q at rs = 1 (left panel) and
rs = 5 (right panel).
At Q > 0 the high-frequency peak emerges from the
threshold, grows in amplitude, see Fig. 11, and ultimately
reshapes the entire curve, see Fig. 10. The origin of this
peak at small Q can be traced to the fact that near the
upper threshold the pair and plasmon excitations both
have momenta close to Qm in modulus but pointing in
the opposite directions. The peak develops from the in-
terplay between the singularities in the plasmon peak
residue and pair intensity when Ω→ Ωm, see Figs. 4 and
6, and the available phase-space volume. It is not an ac-
cident that the emerging hybrid peak location correlates
with the location of the kink on the two-plasmon curve
because for Q → Qm the single-pair spectrum intensity
diverges on approach to Ωm mimicking a plasmon reso-
nance.
Again, the curves for different values of rs in Fig. 10
appear similar, and this observation can be quantified by
plotting the data using scaled variables as it was done
for the two-plasmon process. The result is presented in
Q/kF
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FIG. 11. (color online) Hybrid contribution to intensity: D
(2)
h
as a function of Ω at small values of Q and rs = 1.
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FIG. 12. (color online) Scaled hybrid contributions to in-
tensity for rs = 1 and rs = 5. The data are plotted for
Y = D
(2)
h /{D(2)h }max as functions of X = [Ω − Ωpl]/[Ωm +
Ωe−h(Qm + Q) − Ωpl] ∈ [0, 1]. The momentum transfer for
two cases was adjusted to have the same ratio Q/Qm.
Fig. 12. The intensity of the hybrid process does not
vanish at Q → 0; however, its features are difficult to
observe because of interplay with the two-pair process
discussed below. Nevertheless, the upper threshold of
the hybrid contribution is visible on total curves at small
values of momentum transfer which gives access to infor-
mation about the single e− h process.
C. Two-pair processes
The last process contributing to the second-order spec-
tra is the two-pair one. The result is expected to be
a smooth peak. The typical shapes are presented in
Fig. 13—they start at Ω = 0 and at large frequency
demonstrate an asymptotic ∼ Ω−7/2 decay. At small
frequencies, the signal is proportional to Ω2, as expected
from the single-pair intensity ∝ Ω at Ω→ 0.
The maximum at small momenta is located close to
2Ωm, where the two-plasmon and hybrid processes have
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FIG. 13. (color online) Two-pair contribution intensity as a
function of Ω for several values of Q at rs = 1 (left panel) and
5 (right panel).
the kink and the high-frequency peak, respectively. The
intensity maximum saturates to a constant in the Q→ 0
limit, implying that in this limit the entire RIXS spec-
trum is dominated by the second-order processes. By
comparing the two-pair contribution to other second-
order processes, we see that the former dominates the
total two-excitation spectrum in the low- and high-
frequency parts. By comparing curves in the left and
right panels of Fig. 13 we observe similar universality as
for other second-order processes.
D. Total two-excitation intensities
By combining all second-order processes we obtain the
total two-excitation intensity, see Fig. 14. It is expected
that some of the features clearly seen on individual curves
may be masked when different contributions overlap. At
low (Ω . Ωpl) and high (Ω & 2Ωm) frequencies the total
signal is dominated by the two-pair process. At inter-
mediate frequencies the leading contribution often comes
from the two-plasmon process which is responsible for
sharp features at Q . Qm, see Figs. 15 and 1.
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FIG. 14. (color online) Total second-order intensity as a func-
tion of Ω for several values of Q at rs = 1 (left panel) and 5
(right panel).
In Fig. 15 we present the central part of the spectrum
and compare all partial and total signals side-by-side in
order to understand how spectral features in the final re-
sult should be “decoded”. The low-frequency kink and
minimum are due to the two-plasmon process and these
sharp features remain clearly visible, while the lower
threshold for the hybrid process is masked by the two-
pair contribution. The high frequency kink in the two-
plasmon spectrum (best seen in two left panels in Fig. 15)
is compensated by the non-monotonous dependence of
the hybrid process and is not visible on total curves.
rs=1, Q=0.0675kF
total
2 plasmon
hybrid
2 (e-h)
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F
rs=1, Q=0.54kF
total
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hybrid
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total
2 plasmon
hybrid
2 (e-h)
D(2)
F
rs=5, Q=0.99kF
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2 (e-h)
D(2)
F
FIG. 15. (color online) Total and all partial (two-plasmon,
two-pairs, and hybrid) contributions to intensity as a function
of Ω. Upper left panel: rs = 1 and Q = 0.0675kF ; the arrow
points at the high-frequency kink on the two-plasmon curve.
Upper right panel: rs = 1 and Q = 0.54kF ; the arrow points
at the low-frequency minimum. Lower left panel: rs = 5 and
Q = 0.124kF ; the arrow points at the high-frequency kink
on the two-plasmon curve. Lower right panel: rs = 5 and
Q = 0.99kF ; the arrow points at the low-frequency kink.
The interplay between the sharp non-monotonous hy-
brid signal at high frequencies (see Fig. 11) and the two-
pair intensity maximum results in a wiggle-like spectral
anomaly seen in Fig. 16 at around 2Ωm. This anomaly
is pronounced only at small momenta and disappears at
larger values of Q, see Fig. 17. The position of the de-
veloping at Q → 0 minimum corresponds to the upper
threshold of the hybrid process.
As it has already been mentioned, the two-plasmon
high-frequency kink is not seen on the total curve, due
to the interplay between the two-plasmon and hybrid pro-
cesses. This is because these processes are characterized
by the kink and anti-kink features that compensate each
other (since the plasmon peak at Q = Qm is getting ab-
sorbed by the e − h continuum without change in the
total spectral weight).
Obviously, the universality of all features established
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FIG. 16. (color online) Total second-order intensity as a
function of Ω for small values of Q at rs = 1 (left panel) and
5 (right panel). The arrows point at the wiggle-like spectral
anomaly appearing at small momentum transfer as the result
of interplay between the high frequency hybrid signal near its
threshold and the two-pair intensity maximum.
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FIG. 17. (color online) Total second-order intensity in the
vicinity of the 2Ωm frequency for progressively smaller values
of Q at rs = 1 demonstrating the development of the wiggle-
like spectral anomaly.
for partial contributions carries through to the total in-
tensity. However, as it has already been mentioned, the
overlap of partial contributions at different values of mo-
menta transfer may mask some features.
V. RESOLVING THE PLASMON DISPERSION
FROM THE TOTAL TWO-EXCITATION
INTENSITY
The distinct features on the total two-excitation inten-
sity curves, shown in Figs. 15, 16, and 17, provide enough
information for extracting the entire single-plasmon dis-
persion. The position of the low-frequency minimum on
two-plasmon curves is given by Eq. (15). This expres-
sion can be used right away since the dispersion starts
at the plasma frequency Ωpl =
√
4pine2/m. This gives
ωpl(Q) = Ωlm − Ωpl, where Ωlm is the minimum posi-
tion. Note, however, that at Q > Qm/2 the exact po-
sition of the low-frequency minimum on the total curve
is no longer determined solely by the 2-plasmon contri-
bution since it becomes relatively broad and derivatives
from the other two processes shift it. Thus, it is best to
restrict the plasmon dispersion analysis using this spec-
tral feature to data for Q ≤ Qm/2. This is not a problem
since the second half of the [0, Qm] interval can be cov-
ered by measuring 2ωpl(Q/2) from the threshold of the
two-plasmon spectrum (low-frequency kink shown by the
arrow in the lower right panel of Fig. 15). This feature
is very sharp and provides accurate data all the way to
Q . 2Qm.
One also needs to know the end-point of plasmon dis-
persion, Ωm = ωpl(Qm) (from Ωm one can easily find
Qm via (13) and (14)). Ωm can be found by measur-
ing the intensity around the spectral anomaly at Q→ 0,
see Figs. 16 and 17. At Q = 0 the anomaly is located
precisely at 2Ωm. At small but finite Q, the anomaly’s
minimum position is determined by the upper threshold
of the hybrid process, Ωm + Ωe−h(Qm + Q). This then
gives access to information about single e− h processes.
An alternative way to measure Qm and Ωm is to look at
the Q . Qm single-pair process which is not supposed to
be masked by the multi-excitation processes. By deter-
mining at which momentum Q the single-pair intensity
at the maximum starts to decrease, one can locate Qm
and, correspondingly, Ωm (see Section III).
To get the dispersion curves shown in Fig. 2, we have
only used positions of the low-frequency minimum and
the low-frequency kink. For rs = 1 we have considered
points Q/kF = 0.0675, 0.135, 0.27, 0.675, 0.81, 1.0 while
for rs = 5 we have used Q/kF = 0.124, 0.248, 0.495,
1.10, 1.485, 1.80. The two different sets of symbols on
the dispersion curves correspond to applying Eqn. (15)
(the equation governing the low-frequency minimum and
used at lower frequencies) and 2ωpl(Q/2) (the position of
the low-frequency kink and used at higher frequencies).
Fig. 17 has been used to establish the value of Ωm, and
thus Qm, see Eq.(14). For rs = 1 and 5 we have repro-
duced Qm/kF = 0.56 and Qm/kF = 1.027, respectively
(Ωm/εF = 1.433 and Ωm/εF = 3.109); in Fig. 2 these
end points are marked by red and blue circles (red and
blue crosses mark the start points, i.e. Ωpl(rs)).
It is also worth mentioning that, depending on exper-
imental conditions, narrow plasmon peaks may be hard
to locate and the entire single-excitation intensity quickly
vanishes at small momenta (see, for instance, Fig. 18 in
Section VI).
VI. FIRST- VS SECOND-ORDER SPECTRA
To see how first- and second-order processes will ap-
pear in the experiment, we present Figs. 18 and 19.
In Fig. 18 we plot the total spectra at small values of
Q in the SHLT limit controlled by the small parame-
ter (Ωpl/Γ)
2; since we do not know the exact value of
that parameter, for the purpose of the presentation we
9take it to be 0.1. To present data for the single-plasmon
resonance, we assumed two experimental frequency res-
olutions, σ = 0.01εF and 0.1εF , by smearing the δ-
functional peak into a Gaussian of half-width σ.
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FIG. 18. (color online) Total intensities, including first and
second order processes, as functions of Ω for small values of
Q at rs = 5. The data are plotted for Y = D
(1) + D(2)/Γ2
with Γ defined by (Ωpl/Γ)
2 = 0.1. The single-plasmon δ-
function, Eq. (8), is replaced by a Gaussian with half-width
σ = 0.01εF (left panel) and 0.1 (right panel). Blue symbols
in the left panel mark Ωpl and Ωm for rs = 5.
The log scale in the figure for σ = 0.01εF is taken
to demonstrate the entire curves, including the plasmon
peak. Since that peak is too narrow, we also present the
figure for σ = 0.1εF - this width is taken for the reader
to easier gauge the total intensity from the area under
the curve. From curves for σ/εF = 0.01 one sees that
the e − h contribution is strongly suppressed while the
plasmon one, as originating from δ-function, is still com-
parable to the second-order processes amplitudes even at
Q/kF = 0.01 (but peaks are very narrow, of course). In
the set of curves for σ/εF = 0.1 one can not see the e−h
contribution, but the plasmon one is still visible even for
Q/kF = 0.01 (however, it is strongly suppressed).
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FIG. 19. (color online) Same as in Fig. 18, but for larger
values of Q at rs = 1 (left panel) and 5 (right panel).
(Ωpl/Γ)
2 = 0.1. The Gaussian half-width is σ = 0.01εF and
plasmon peaks have been cut to fit into the figures. Blue
symbols in the left panel mark Ωpl and Ωm for rs = 1.
In Fig. 19 we plot the total spectrum at rs = 1 and 5
for a few larger values of momentum transfer Q, when in-
tensities of single-excitation processes are not small, but
single and multi-excitation processes still do not overlap.
In these figures one can also see the low-frequency two-
plasmon minima. In both these figures the minima are
rather narrow (especially for rs = 1), but well seen.
VII. CONCLUSIONS
We have used the Feynman diagram approach to study
the indirect RIXS processes in Coulomb systems in the
limit of short core-hole life time. We have discussed the
single- and two-excitation processes. For the latter we
have provided a comprehensive semi-quantitative picture
of their contributions. We have demonstrated the need to
account for such excitations at small momentum trans-
fer because the single particle contribution here is sup-
pressed by the size of the matrix element. We have fur-
ther argued that in the limit under consideration, higher-
order processes are suppressed and can be neglected.
We have demonstrated that the multi-excitation pro-
cesses are important from both the fundamental and
practical perspectives by showing how to extract the
single-plasmon dispersion from the total two-excitation
intensity. This can be done by analyzing the universal
spectral features of intensity curves revealed in our work.
It is worth mentioning that depending on experimental
conditions the sharp plasmon resonance at low momenta
may be rather difficult to observe because its intensity
vanishes in the Q → 0 limit (in contrast to the multi-
excitation processes). The intensity vanishing at Q → 0
is also a characteristic feature of the single electron-hole
process.
Our analysis is based on the Random Phase Approx-
imation. We believe that this approximation does not
qualitatively affect the universal properties of RIXS spec-
tra in metals which originate from thresholds in the par-
ticle emission. However, there is no doubt that to obtain
quantitatively accurate results for large values of rs, one
has to go beyond RPA to account for the renormalization
of the Fermi-liquid parameters and vertex corrections.
This constitutes the main direction for the future work.
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